Domain walls are the topological defects that mediate polarization reversal in ferroelectrics, and they may exhibit quite different geometric and electronic structures compared to the bulk. Therefore, a detailed atomic-scale understanding of the static and dynamic properties of domain walls is of pressing interest. In this work, we use first-principles methods to study the structures of 180
I. INTRODUCTION
Ferroelectrics (FEs) are materials with a spontaneous electric polarization that can be reversed by an external electric field [1] . Because the polarization in FEs couples to strains and temperature gradients as well as electric fields, FEs have broad potential applications and are already commonly used in sensor [2] and memory [3] applications. In these materials, regions of different polarization orientation, known as FE domains, often coexist, and the interface between two FE domains is referred to as a domain wall (DW). The hysteresis observed during the switching of FE materials is caused by the nucleation and growth or shrinkage of domains through the motion of DWs in response to an applied electric field favoring one type of domain over the other. To complicate matters, defects can be attracted to the DW and contribute to pinning of the DW motion [4] .
DWs can be seen as topological defects which have different geometric and electronic structures compared to the bulk, so DWs may exhibit rich physics that is not present in the bulk. For instance, in BiFeO 3 , experiments have shown that the DWs behave as conductive channels in the otherwise insulating background [5] . The same DWs are suggested to exhibit photovoltaic properties as well [6] . Furthermore, it has recently been observed that charged FE DWs, which are energetically unfavorable in general, are abundant in hybrid improper FEs (Ca,Sr) 3 Ti 2 O 7 [7] . Moreover, in hexagonal manganite YMnO 3 , the FE DWs form topologically protected vortices [8] , and alternating magnetic moments are found at the FE DW around the vortex core [9] . In addition, the FE DWs are also observed interlocking with chiral DWs in Ni 3 TeO 6 [10] .
Recently, attention has been drawn to a family of polar materials that can be regarded as derivatives of the corundum A 2 O 3 structure but with cation ordering on the A site. The best-known examples are the binary-cation materials LiNbO 3 and LiTaO 3 , belonging to the general formula ABO 3 , but * Corresponding author: mengy@uchicago.edu ternary-cation A 2 BB O 6 are also under investigation [11] . However, polar insulators are not necessarily FE; they can be considered as such only if their polarization can be reversed by an electric field. For example, wurtzite oxides such as ZnO are polar but undergo dielectric breakdown well before polarization reversal can occur. Unfortunately, many of the newly proposed ABO 3 and A 2 BB O 6 materials are the result of high-pressure syntheses and are available only as powder samples, so that it remains unclear whether or not they would be FE in single-crystal or thin-film form.
Thus, until the experimental growth of single crystals and subsequent observation of DW motion can be achieved, theory can play an important role in identifying which materials are most likely to be switchable. We previously carried out first-principles calculations of coherent bulk switching in this class of materials [11] but did not consider DW-mediated mechanisms. As the DW structure is very different from the bulk, it is interesting to investigate how the DW structure would influence the reversal barrier. The physics of DWs in the corundum derivatives is especially rich because some of these materials are chiral, some are magnetically ordered, and some are both. As a result, the distinct structure at the DW can have additional degrees of freedom that may lead to unique interactions between chiral and FE domains and magnetoelectric effects.
In this work, we use first-principles methods to study the formation and motion of FE DWs at the atomic scale in order to characterize their intrinsic properties and their role in the FE reversal process. The FE candidates that we consider are LiNbO 3 (LNO), LiTaO 3 , ZnSnO 3 , FeTiO 3 , MnTiO 3 , Li 2 ZrTeO 6 , Li 2 HfTeO 6 , and Mn 3 WO 6 . Our study of the 180
• charge-neutral DWs predicts not only the energy and preferred orientation of static DWs but also the migration path and energy barrier for displacement of a DW by a lattice vector during domain reversal. In the case of ferrimagnetic Mn 3 WO 6 , our DW formation energy results also suggest that FE DWs are simultaneously magnetic DWs, potentially giving rise to a strong extrinsic magnetoelectric coupling through DW motion. Finally, our results allow us to clarify how the DW-mediated reversal barrier is strongly correlated with the local bonding environment of the A cations as measured by bond-valence sums.
This paper is organized as follows. Section II presents a brief summary of our first-principles methods. In Sec. III A we explain the principles and assumptions behind our construction of DWs, while the structures and energies of DWs with different orientations are discussed in Sec. III B. In Sec. III C we consider different magnetic structures at the DWs, leading to the discovery of a potential DW-mediated magnetoelectric coupling in ferrimagnetic Mn 3 WO 6 . Finally, in Sec. III D we use a structural constraint method to study the migration path and barrier energy in the DW-mediated polarization reversal process and find a strong correlation between the barrier energy and the local bonding environment of the A cations. A brief summary is given in Sec. IV.
II. FIRST-PRINCIPLES METHODS
The calculations are performed with plane-wave density functional theory (DFT) implemented in VASP [12] with PBEsol [13] , a revised Perdew-Burke-Ernzerhof generalizedgradient approximation that improves equilibrium properties of densely-packed solids, as the exchange-correlation function. The ionic core environment is simulated by projector augmented-wave (PAW) pseudopotentials [14] . We use a Hubbard U = 4.2 eV on the 3d orbitals of Mn and Fe [15] . The magnetic moments are collinear, and spin-orbit coupling is neglected. The cutoff energy for all calculations is 550 eV. The energy error threshold varies slightly in different calculations, but an accuracy between 1.0 × 10 −5 and 1.0 × 10 −7 eV is achieved. The forces are reduced below 0.01 eV/Å in the DW structural relaxations. Here 2 × 6 × 2 and 6 × 6 × 1 k-point meshes are used in the calculations of X-walls and Y-walls, respectively, as defined below.
III. RESULTS AND DISCUSSION

A. Construction of domain walls
The general structures of corundum derivatives ABO 3 and A 2 BB O 6 were introduced previously [11] . Here we focus on only the LNO-type and ordered-LNO structures, which are compatible with ferroelectricity along the rhombohedral axis. In Fig. 1 , both the rhombohedral unit cell and views from different hexagonal directions are illustrated. Each cation is in a distorted oxygen octahedron; these fill only two thirds of the octahedral sites, leaving cation-vacant positions that we denote by "−". The FE reversal is driven by migration of each A cation from its own oxygen octahedron to the cation-vacant octahedron above or beneath it [16, 17] . The reversal path can be qualitatively described by two variables, ξ 1 and ξ 2 , defined as the vertical distances between each A cation and the oxygen plane that it penetrates during the polarization reversal [11] . The definitions of ξ 1 and ξ 2 are also shown in Fig. 1(a) .
In order to study the properties of DWs, we construct a supercell with a polarization-up domain and a polarizationdown domain that are related by inversion through a center located in the FE DW separating them. Because of periodic boundary conditions, there are always two DWs in the supercell, one denoted as DW ⇑⇓ (polarization up on the left and down on the right) and the other denoted as DW ⇓⇑ (the opposite case). In corundum derivatives the R3c symmetry of the LNO-type structure ensures that the DW ⇑⇓ and DW ⇓⇑ walls are equivalent, but they become inequivalent in the ordered-LNO structure with R3 symmetry. Because DW ⇑⇓ and DW ⇓⇑ always come in pairs in our supercell calculations, we report only the average formation energy of DW ⇑⇓ and DW ⇓⇑ for the ordered-LNO materials.
The intrinsic difference between DW ⇑⇓ and DW ⇓⇑ in the ordered-LNO structure arises from the chiral nature of the structure. The ordered-LNO space group is R3, which does not contain any mirror symmetries and is therefore chiral. In contrast, the LNO-type structure is not chiral because of its R3c symmetry. The hands shown in chirality of the FE domains implies that DW ⇑⇓ and DW ⇓⇑ are inequivalent. The fingers point in the polarization direction, and the left (L) or right (R) hand represents the L or R chirality. The ferroelectricity in corundum derivatives is generated by breaking the inversion symmetry from the reference structure with symmetry R3 [11] , so the two FE domains with opposite polarization are related by an inversion operation. Since the inversion operation flips both polarization and chirality, the FE DW is also a chiral DW. Such an interlocking effect between polarization and chirality at the DW was observed in chiral pyroelectric Ni 3 TeO 6 [10] . It is also clear that there are two kinds of interfaces between hands, as shown in Fig. 2 , one between thumbs and the other one between little fingers, and these correspond to the DW ⇓⇑ and DW ⇑⇓ .
The presence of this chirality can also help explain the observed shape of domains in corundum-derivative materials. In LiNbO 3 and other LNO-type materials with R3c symmetry, the Wulff construction [18] implies that the ideal domain shape is a regular hexagon because DW ⇑⇓ and DW ⇓⇑ have identical formation energies. As the asymmetry between the energies of DW ⇑⇓ and DW ⇓⇑ increases, the Wulff shape distorts first into an equiangular hexagon having alternating long and short sides and eventually into a triangle in which only the favored DW is exposed. In fact, regular hexagonal domains are observed in LiNbO 3 [19] , while triangular domains are found in Ni 3 TeO 6 with the ordered-LNO structure [10] .
To arrive at our DW configurations, we assume that the B/B and O sublattices are preserved throughout the supercell, so that the DW results from only the interchange of A and − sublattices (that is, migration of A cations into vacancies) on one side of the DW. This is motivated by the greater mobility of the A-cation species. In addition, only the 180
• chargeneutral DW is considered, in which the polarization direction is parallel to the DW plane but antiparallel between domains.
B. Orientation of domain walls
Since corundum derivatives have threefold symmetry, there are two types of 180
• DWs depending on the orientation of the DW plane. We refer to a DW in the x-z plane as an X-wall and one in the y-z plane as a Y-wall. Top and side views of the X-wall and Y-wall are shown in Fig. 3(a) , octahedra containing A cations are densely packed at the X-wall. However, there are also layers where the octahedra at the X-wall are all cation vacant. In short, the X-wall consists of alternating dense and sparse octahedral layers. In comparison, the A and − sublattices are more evenly spaced at the Y-wall.
To calculate the formation energies, we construct 6+6 and 6+7 supercells for the X-wall and 3+4, 4+4, and 4+5 supercells for the Y-wall. Here the supercell notation m + n means that m unit cells are of polarization down and n unit cells are of polarization up. The m + m supercell preserves some symmetry, while the m + (m + 1) supercell has none because of the asymmetry of the size of up and down domains. In the m + m supercells, the up and down domains are related by an inversion symmetry through a center lying in the DW. Furthermore, for the LNO-type structure, the identical DW ⇑⇓ and DW ⇓⇑ are also related by twofold rotation. The computed relaxed displacements ξ 1 + ξ 2 in each cell of the 6+6 X-wall and the 4+4 Y-wall of Li 2 ZrTeO 6 are shown in Figs. 3(e) and 3(f). The displacement profiles suggest that the DWs in corundum derivatives are atomically sharp, similar to the DWs of perovskites [20, 21] . Meanwhile, our calculations also predict that the Y-wall is energetically favored in all the cases that we have studied, as shown by the converged DW formation energies in Table I . Our results for LiNbO 3 and LiTaO 3 are consistent with the earlier DW simulations [22] . Experimental observations on the domains of LiNbO 3 also confirm that the Y-wall is more favorable [19] . 2 , and B cations are all Mn, and B is W. The structure in the center has polarization and magnetization (+P, +M) with the magnetic order udu. The structures on the left and right both have polarization −P, but the left one has the magnetic order udu, while the right one is dud. In case 1, the FE DW is formed between structures in the center and on the left. In case 2, the FE DW is formed by the central and rightward structures.
C. Magnetic and magnetoelectric domain walls
Some corundum derivatives are magnetic compounds and exhibit magnetic order. Here we use notations like "udu" to represent spin-up (u) and spin-down (d) states on magnetic cations A 1 , A 2 , and B in that order, where A 1 and A 2 are face sharing with B and B cations, respectively. Since spin-orbit coupling is neglected in our calculations, "up" and "down" are not necessarily ±ẑ. In our previous work [11] it was shown that if the magnetic order is constrained to preserve the rhombohedral unit cell, the ground state is antiferromagnetic (or ud) for MnTiO 3 and FeTiO 3 , while in Mn 3 WO 6 the lowest-energy state is ferrimagnetic udu but with uud close in energy.
Because of the time-reversal symmetry, a global reversal of all the spins does not affect the total energy; for example, udu and dud have exactly the same energy in the bulk of ferrimagnetic compounds such as Mn 3 WO 6 . This means that there are two possibilities for the magnetic order across a FE DW: the magnetization may be the same on both sides of the DW, or it may reverse. The former case is illustrated by case 1 in Fig. 4 , and the corresponding DW is denoted by udu-udu. Here the letters before and after the hyphen represent magnetic orders in two neighboring domains. If the magnetic order reverses across the DW, as shown in case 2 in Fig. 4 , the DW is denoted by udu-dud. Therefore, the udu-dud FE DW is also a magnetic DW. Similarly, there are also ud-ud DW and ud-du DWs for MnTiO 3 and FeTiO 3 , but neither of them has a net magnetization.
Our computed formation energies for both the udu-udu and udu-dud DWs are summarized in Table I . Interestingly, the results suggest that the magnetization-reversing udu-dud DW is energetically favored, implying that the FE and magnetic domains are interlocked. This has interesting consequences. When a switching electric field is applied to a polydomain FE sample, the FE DWs move so that the favored domains grow at the expense of the unfavored ones, as illustrated in Fig. 5 . Because the magnetic order reverses across the DW, the magnetization is simultaneously switched in the same process. This provides an extrinsic mechanism for magnetoelectric coupling that could have useful device implications. Other similar cases of DW-mediated interlocking of two order parameters have been discussed previously [23] .
As the spin-orbit coupling is not included in our calculations, the origin of the coupling between magnetization and polarization at the DW should be categorized as an exchangestriction effect. Comparing the bulk and DW structures, it is found that, for example, the A octahedron (purple color) is only edge sharing with three B octahedra in Fig. 1(b) , but at the Y-wall shown in Fig. 3(d) , the A octahedron has an additional edge-sharing A octahedron at the DW. Therefore, the different neighbor environments lead to different exchange energies at the two kinds of DW, explaining the interlocking of magnetism and polarization.
In the above calculations, the magnetic DW is assumed to be as sharp as the FE DW. One may recall that in most magnetic materials the magnetic DWs are much broader and wonder whether we should consider a broad magnetic DW instead. We do not believe so. In most ferromagnetic DWs, the exchange energy prefers a gradual change of spin directions at the DW, but the magnetic anisotropy favors an abrupt change of spin directions at the DW. Thus, in the case of strong exchange and weak spin anisotropy, magnetic DWs are much broader than FE DWs. However, in udu Mn 3 WO 6 , because of the distinct structure at the FE DW, the exchange energy also prefers the spins to align oppositely (udu-dud) across the DW. Therefore, both exchange energy and anisotropy support the sharp magnetization change at the FE DW.
D. Domain-wall reversal
The polarization reversal at the DW is associated with DW motion. For instance, in the 4+4 supercell illustrated in Fig. 6(a) , the simultaneous polarization reversal at the first and the fifth cells (black arrows) causes DW ⇑⇓ and DW ⇓⇑ to move to the right by one unit cell. Similarly, in the 3+4 supercell shown in Fig. 6(b) , the polarization reversal at the fourth cell is accompanied by the rightward motion of DW ⇓⇑ , and the polarization reversal at the seventh cell leads to the leftward motion of the DW ⇑⇓ . In order to ensure that the supercells before and after the DW displacement are equivalent, the m + m supercell always involves the motion of both DW ⇑⇓ and DW ⇓⇑ . By contrast, the m + (m + 1) supercell allows just one selected DW to move. Therefore, while either type of supercell can be used to study the barriers for DW motion in LNO-type materials, only the m + (m + 1) supercells are suitable for obtaining the corresponding information about DW ⇑⇓ and DW ⇓⇑ walls separately in the ordered-LNO case.
The adiabatic polarization reversal at the DW is achieved by using the reaction coordinate ξ 1 + ξ 2 as a structural constraint [11] and applying it only to the unit cell at the DW. The energy profiles of the DW-mediated reversal of selected materials are illustrated in Fig. 6(d) , and the reversal barriers are listed in Table II . This DW-mediated barrier is much lower in energy than the coherent reversal barrier reported in our previous work [11] . For instance, the coherent barrier of LiTaO 3 is 129 meV, while the DW-mediated barrier is only 55 meV. This huge energy reduction is caused by the distinct structure at the DW. Since the symmetry at the DW is much lower than in the bulk, there are more phonon modes, e.g., the breathing modes of the oxygen triangle, that can undergo displacement to lower the energy barrier. In addition, the DW-mediated reversal paths are insulating in all the cases that we have calculated, including that of FeTiO 3 , which we reported to have a conducting coherent reversal path in our previous calculations [11] . The energy profiles shown in Fig. 6 (d) are symmetric with respect to ξ 1 + ξ 2 = 0 for most candidates, as their DW structures have inversion symmetry at ξ 1 + ξ 2 = 0. The only asymmetric profile in Fig. 6(d) is that of LiNbO 3 . This is caused by an in-plane unstable polar mode at the midpoint structure, which breaks the local inversion symmetry at ξ 1 + ξ 2 = 0. This unstable E u mode in LiNbO 3 has been previously reported in the literature [11, 17] .
In Fig. 6 (c), we use the results for LiTaO 3 as an example to clarify the relationship between the energy profile and the evolution of ξ 1 (or ξ 2 ) at the DW. Similar to the results in our previous work [11] , ξ 1 = ξ 2 when the reaction coordinate ξ 1 + ξ 2 approaches zero, which means that the two A cations do not migrate simultaneously. However, the barrier structures for the DW-mediated reversal are qualitatively different from those for the coherent reversal, where the energy profile displayed a single maximum at ξ 1 + ξ 2 = 0 in most cases [11] . In contrast, the DW-mediated energy profile has two energy maxima located at approximately ξ 1 = 0 and ξ 2 = 0, as highlighted by the dashed vertical lines in Fig. 6(c) . Each of these configurations corresponds to the moment when one of the A cations passes through an oxygen plane.
For magnetic compounds, their DW motions may be accompanied by spin flips at the DWs. In the reversal process, the A 1 cation migrates away from the B cation and becomes face sharing with the B cation. Similarly, the A 2 cation moves away from the B cation and forms face-sharing octahedra with the B cation. This can result in a change in the magnetic order, such as in Mn 3 WO 6 , where the udu magnetic order becomes duu as A 1 interchanges with A 2 . In order to arrive at the magnetic ground state, either the spins on both A 1 and A 2 cations have to flip so that duu becomes udu, or the spin on the B cation has to flip so that duu becomes dud. The former case happens at the udu-udu DW, and the latter case happens at the udu-dud DW.
The above-mentioned first-principles methods can be used to predict the DW-mediated reversal barrier in any corundum derivative, but it would be more valuable if some intuitive rules of thumb could be summarized to enhance our understanding. In the discussion of the polar metal LiOsO 3 , which is also a corundum derivative, it has been pointed out that the polar distortion is driven by short-range interactions [24] , or from the crystal chemistry point of view, it is caused by the local bonding preference of Li cations [25] . As the Li cations are loosely bonded in the centrosymmetric structure, they prefer a polar distortion to strengthen the local bonding environment. Because of the structural similarity between metallic LiOsO 3 and other insulating corundum derivatives, it is worth investigating the relationship between the bonding environment of the A cations and the DW-mediated reversal barrier.
The local bonding of the A cation can be described by the empirical bond-valence sum (BVS) through the equation [26] 
V BVS estimates the number of electrons that are associated with the local bonds. Here R i is the bond length between A cations and the ith nearest-neighboring oxygen anions, R 0 is a tabulated parameter expressing the ideal bond length when V BVS is exactly equal to the valence of the A cation, and b is an empirical constant, 0.37Å. For ordered-LNO structures, the two A cations are inequivalent. Instead of using the average V BVS of two A cations, it is more relevant to consider only the A cation that is closer to the oxygen plane because that is the one that would migrate first in the reversal process. Using the bondlength values extracted from bulk structures and Eq. (1), we plot the energy barrier versus the normalized V BVS in Fig. 7 . A roughly linear relationship is observed between the normalized V BVS of the A cations and the DW-mediated reversal barriers, which also implies the dominance of short-range interactions in the corundum derivatives. The bond-valence model is also the basis of empirical interatomic potentials that have been successfully used for molecular dynamics simulations of ferroelectric perovskites such as PbTiO 3 [27] .
IV. SUMMARY AND OUTLOOK
A DW is a topological defect that may exhibit rich physics not present in the bulk. FE DWs separate two polar domains. In this work, we have studied the properties of FE DWs in corundum derivatives. The mobile 180
• charged-neutral DWs are constructed by interchanging A-cation and vacancy sublattices while preserving the B/B and O sublattices. Interestingly, it is found that the mobile FE domains are interlocked with chirality domains, so that the FE DW is also a chiral DW. For the orientation of DWs, our calculations suggest that the Y-wall lying in the y-z plane is more stable than the X-wall lying in the x-z plane.
We have also considered the magnetic order at the DW and found that in Mn 3 WO 6 with udu magnetic order, the domains with opposite polarization also have opposite magnetization, as controlled by exchange-striction interactions at the DW. Therefore, both the polarization and magnetization can be controlled by an electric field. We note that the magnetic structure of Mn 3 WO 6 is still under investigation [28] , and it is possible that the actual magnetic structure has a larger magnetic cell as in Ni 3 TeO 6 or even a noncollinear magnetic order instead of our assumed collinear udu magnetic order. Nevertheless, we expect that this kind of DW-mediated magnetoelectric coupling may still exist in the presence of a more complicated magnetic order or in other magnetic corundum derivates.
Since the FE polarization reversal is achieved through DW motion, we have also studied the DW-mediated polarization reversal pathways and barriers by applying structural constraints at the DW. We found that the DW-mediated reversal barrier is approximately linearly correlated with the bond-valence sum of the A cations. Since the local bonding environment is accessible to experiment, this linear relationship can provide a useful rule of thumb in predicting the DW-mediated reversal barrier of potential new FE materials of this class.
Finally, we note that there are other classes of DWs, such as purely chiral DWs or simultaneously chiral and magnetic DWs, that may occur in these materials. Although not relevant for FE switching, such domain walls might have other interesting properties that would be worth investigating.
